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Strong quantum nonlocality was introduced recently as a stronger manifestation of nonlocality in
multipartite systems through the notion of local irreducibility in all bipartitions. Known existence
results for sets of strongly nonlocal orthogonal states are limited to product states. In this paper,
based on the Rubik’s cube, we give the first construction of such sets consisting of entangled states
in d⊗ d⊗ d for all d ≥ 3. Consequently, we answer an open problem given by Halder et al. [Phys.
Rev. Lett. 122, 040403 (2019)], that is, orthogonal entangled bases that are strongly nonlocal do
exist. Furthermore, we propose two entanglement-assisted protocols for local discrimination of our
results. Each protocol consumes less entanglement resource than the teleportation-based protocol
averagely. Our results exhibit the phenomenon of strong quantum nonlocality with entanglement.
I. INTRODUCTION
A set of orthogonal quantum states is locally indistin-
guishable, if it is not possible to optimally distinguish the
states by any sequence of local operations and classical
communications (LOCC). It exhibits the phenomenon of
quantum nonlocality. Local indistinguishability can be
used for data hiding [1–4] and quantum secret sharing
[5]. Any three Bell states cannot be locally distinguished
[6]. The phenomenon of more nonlocality with less en-
tanglement was shown in Ref. [7]. Bennett et al. first
constructed a locally indistinguishable orthogonal prod-
uct basis in bipartite Hilbert space 3 ⊗ 3, which shows
the phenomenon of quantum nonlocality without entan-
glement [8]. Later, locally indistinguishable orthogonal
entangled sets and orthogonal product sets are widely
investigated [9–26].
Recently, Halder et al. proposed the concept of lo-
cally irreducible set [27]. It is a set of orthogonal quan-
tum states that it is impossible to locally eliminate one
or more states from the set by orthogonality-preserving
local measurements. Local irreducibility sufficiently en-
sures local indistinguishability, while the converse is not
true. In 3⊗ 3⊗ 3 and 4⊗ 4⊗ 4, they constructed two or-
thogonal product bases that are locally irreducible in all
bipartitions. It shows the phenomenon of strong quan-
tum nonlocality without entanglement. Ref. [28] con-
structed the strongly nonlocal orthogonal product sets
(SNOPSs) of size 6(d2 − 1) in d⊗ d⊗ d for d ≥ 3, and a
strongly nonlocal orthogonal product basis (SNOPB) in
3⊗3⊗3⊗3. Ref. [29] generalized the definition of strong
nonlocality based on the local irreducibility in some mul-
tipartitions, and gave some examples in 3 ⊗ 3 ⊗ 3 and
3⊗3⊗3⊗3. In spite of these constructions, the existence
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of orthogonal entangled sets that are locally irreducible in
all bipartitions remains unknown. An open question has
been proposed to find orthogonal entangled bases that
are locally irreducible in all bipartitions [27]. Such bases
are called strongly nonlocal orthogonal entangled bases
(SNOEBs). We shall give a positive answer to this open
question.
In this paper, we construct strongly nonlocal orthogo-
nal entangled sets (SNOESs) and SNOEBs in d ⊗ d ⊗ d
for d ≥ 3, and provide two efficient entanglement-assisted
discrimination protocols for an SNOES in 3⊗3⊗3. First,
by using Fig. 1 and Fig. 2, we construct an orthogonal
entangled set of size 24 and an orthogonal entangled basis
in 3⊗3⊗3, and we prove these two sets are both strongly
nonlocal by using Fig. 3 in Lemma 1. Then, we show an
SNOES of size 54 and an SNOEB in 4⊗4⊗4 in Lemma 2.
Next, by using Lemma 1, Lemma 2 and Fig. 5, we show
an SNOES of size d3−d and an SNOEB in d⊗d⊗d when
d ≥ 3 is odd, and an SNOES of size d3 − d − 6 and an
SNOEB in d⊗d⊗d when d ≥ 3 is even in Theorem 3. Fi-
nally, we give two entanglement-assisted discrimination
protocols for the SNOES in 3 ⊗ 3 ⊗ 3 in Proposition 5
and Proposition 6. Each protocol consumes less entan-
glement resource than the teleportation-based protocol
averagely.
Entanglement-assisted discrimination also attracts
more and more attention [6, 30–37]. By using suffi-
cient entanglement, a set of orthogonal states can be al-
ways distinguished through the teleportation-based pro-
tocol [38]. Since entanglement is a costly resource, the
discrimination with less entanglement is desirable. It
is known that unextendible product bases (UPBs) can
not be locally distinguished [39]. A two-qutrit UPB of
size five can be locally distinguished with a two-qubit
maximally entangled state [30]. Since a strongly nonlo-
cal orthogonal set cannot be locally distinguished in ev-
ery bipartition, a perfect local discrimination of this set
would require a resource state that must be entangled
in all bipartitions. Ref. [35] gave different entanglement-
assisted discrimination protocols for some SNOPBs, and
each protocol consumes less entanglement resource than
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2the teleportation-based protocol averagely. By compar-
ing our entanglement-assisted discrimination protocols
for the SNOES with those for the SNOPB in 3⊗3⊗3, we
show that the entanglement can increase the difficulty to
locally distinguish orthogonal states.
The rest of this paper is organized as follows. In
Sec. II, we introduce the preliminary knowledge used in
this paper. In Sec. III, we give an elegant construction
of SNOESs and SNOEBs in d ⊗ d ⊗ d for d ≥ 3 by us-
ing a d × d × d Rubik’s cube. In Sec. IV, we investi-
gate the entanglement-assisted discrimination protocols
for the SNOES in 3⊗3⊗3. Finally, we conclude in Sec. V.
II. PRELIMINARY
Throughout this paper, we do not normalize states and
operators for simplicity, and we consider only pure states
and POVM measurements. A set of orthogonal states
is locally indistinguishable, if it is not possible to distin-
guish the states by any sequence of local operations and
classical communications (LOCC). A measurement per-
formed to distinguish a set of mutually orthogonal states
is called an orthogonality-preserving measurement if after
the measurement the states remain mutually orthogonal.
Further, a measurement is nontrivial if not all the POVM
elements are proportional to the identity operator. Oth-
erwise, the measurement is trivial.
Consider an n-partite quantum system with Hilbert
space d1 ⊗ d2 ⊗ · · · ⊗ dn. A set of orthogonal quantum
states is called a locally irreducible set if it is not pos-
sible to eliminate one or more states from the set by
orthogonality-preserving local measurements [27]. The
idea is to check whether an orthogonality-preserving
POVM on any of the subsystems is trivial or not. If
it is trivial for all subsystems, then the set of states is
locally irreducible.
Obviously, local irreducibility sufficiently ensures local
indistinguishability. However, the converse is not true.
For example, consider the following set in 2⊗ 3,
|ψ1,2〉 = |0, 0〉 ± |1, 1〉, |ψ3,4〉 = |0, 1〉 ± |1, 0〉,
|ψ5〉 = |0, 2〉, (1)
where |ψj1,j2〉 = |k1, k2〉±|k3, k4〉means |ψj1〉 = |k1, k2〉+
|k3, k4〉 and |ψj2〉 = |k1, k2〉 − |k3, k4〉. Since the Bell ba-
sis can not be locally distinguished [6], {|ψi〉}5i=1 given by
Eq. (1) is locally indistinguishable. However, {|ψi〉}5i=1
is locally reducible, since Bob can use the measurement
{|2〉〈2|, I−|2〉〈2|} to eliminate {|ψi〉}4i=1 and |ψ5〉, respec-
tively. If we only consider the Bell basis in 2⊗ 2,
|ψ1,2〉 = |0, 0〉 ± |1, 1〉, |ψ3,4〉 = |0, 1〉 ± |1, 0〉, (2)
it is locally irreducible [27]. Let Alice go first and start
the orthogonality-preserving POVM Em = M
†M . Each
POVM element can be written as a 2 × 2 matrix in
the basis {|0〉, |1〉}: Em =
(
a0,0 a0,1
a1,0 a1,1
)
. Then the post-
measurement states of {M ⊗ I|ψk〉}4k=1 should be mu-
tually orthogonal. Since 〈ψ1|M†M ⊗ I|ψ2〉 = 0, it im-
plies a0,0 = a1,1. Moreover, since 〈ψ1|M†M ⊗ I|ψ3〉 =
〈ψ1|M†M ⊗ I|ψ4〉 = 0, we obtain a0,1 ± a1,0 = 0. It
implies a0,1 = a1,0 = 0. Then Em is trivial. It means
that Alice cannot go first. Bob also cannot go first from
the symmetry of the Bell basis. Thus, the Bell basis is
locally irreducible.
In Ref. [27], the authors considered strong quantum
nonlocality without entanglement. Although they only
defined for product states, it is natural to extend it for
general orthogonal states. In d1 ⊗ d2 ⊗ · · · ⊗ dn, n ≥ 3, a
set of orthogonal states is strongly nonlocal if it is locally
irreducible in every bipartition.
There exists a locally irreducible set that is not
strongly nonlocal [27]. For example, three-qubit GHZ ba-
sis, |ϕ1,2〉 = |0, 0, 0〉 ± |1, 1, 1〉, |ϕ3,4〉 = |0, 1, 1〉 ± |1, 0, 0〉,
|ϕ5,6〉 = |0, 0, 1〉 ± |1, 1, 0〉, |ϕ7,8〉 = |0, 1, 0〉 ± |1, 0, 1〉
is locally irreducible. If we consider A|BC bipartition,
this basis is locally reducible. Since Bob and Charlie
can use the the measurement {|0, 0〉〈0, 0|+ |1, 1〉〈1, 1|, I −
(|0, 0〉〈0, 0| + |1, 1〉〈1, 1|)} to eliminate {|ϕi〉}8i=5 and
{|ϕi〉}4i=1, respectively. The authors in Ref. [27] pro-
posed an open question, whether one can find orthog-
onal entangled bases that are locally irreducible in all
bipartitions. That is to find strongly nonlocal orthogo-
nal entangled bases (SNOEBs). Their intuition is that
a genuinely entangled orthogonal basis (the basis vectors
are entangled in every bipartition) might be a promis-
ing candidate. However, they showed that the N -qubit
GHZ basis is locally reducible in all bipartitions. We have
also tried some genuinely entangled orthogonal bases in
Refs. [40–43], but they are not strongly nonlocal. Thus,
we begin to consider an orthogonal entangled basis which
contains entangled states that are not genuinely entan-
gled. More generally, we will consider strongly nonlocal
orthogonal entangled sets (SNOESs) which do not form
a complete basis.
III. SNOESS AND SNOEBS IN d⊗ d⊗ d FOR d ≥ 3
In this section, we give an elegant construction of an
SNOES and an SNOEB in 3⊗ 3⊗ 3 in Lemma 1. Simi-
larly, we show an SNOES and an SNOEB in 4⊗ 4⊗ 4 in
Lemma 2. Further, we generalize these two constructions
to d⊗ d⊗ d for any d ≥ 3 in Theorem 3.
A. An SNOES and an SNOEB in 3⊗ 3⊗ 3
The left figure of Fig. 1 is a 2×2 grid. If we choose the
diagonal grid cells, we can construct four states, |0, 0〉 ±
|1, 1〉 and |0, 1〉± |1, 0〉. Obviously, these four states form
the Bell basis in 2 ⊗ 2. See also Eq. (2). If we add an
ancillary system C (see the right figure of Fig. 1), these
four states are transformed into |0, 0, 0〉 ± |1, 1, 0〉 and
|0, 1, 0〉± |1, 0, 0〉. Each state is an entangled state across
3bipartitions A|BC and B|AC, and it is a product state
across C|AB bipartition. Thus, it is an entangled state,
but it is not a genuinely entangled state.
In Fig. 2, there are six 2 × 2 × 1 subcubes, {1, 2} ×
{0} × {0, 1}, {1, 2} × {0, 1} × {2}, {2} × {1, 2} × {0, 1},
{0, 1}× {1, 2}× {0}, {0, 1}× {2}× {1, 2}, {0}× {0, 1}×
{1, 2}, where J1 × J2 × J3 means that the index set of A
part is J1, B part is J2, and C part is J3. From the point
of Fig. 1, we can construct an entangled set in 3⊗ 3⊗ 3
by the six 2× 2× 1 subcubes,
|ψ1,2〉 = |1, 0, 0〉 ± |2, 0, 1〉, |ψ3,4〉 = |1, 0, 1〉 ± |2, 0, 0〉,
|ψ5,6〉 = |1, 0, 2〉 ± |2, 1, 2〉, |ψ7,8〉 = |1, 1, 2〉 ± |2, 0, 2〉,
|ψ9,10〉 = |2, 1, 0〉 ± |2, 2, 1〉, |ψ11,12〉 = |2, 1, 1〉 ± |2, 2, 0〉,
|ψ13,14〉 = |0, 1, 0〉 ± |1, 2, 0〉, |ψ15,16〉 = |0, 2, 0〉 ± |1, 1, 0〉,
|ψ17,18〉 = |0, 2, 1〉 ± |1, 2, 2〉, |ψ19,20〉 = |0, 2, 2〉 ± |1, 2, 1〉,
|ψ21,22〉 = |0, 0, 1〉 ± |0, 1, 2〉, |ψ23,24〉 = |0, 0, 2〉 ± |0, 1, 1〉.
(3)
The states of {|ψk〉}24k=1 must be mutually orthogonal
due to the disjointness of subcubes in Fig. 2. For each
state |ψk〉, 1 ≤ k ≤ 24, there must exist two bipartitions
of {A|BC,B|AC,C|AB} such that |ψk〉 is an entangled
state, while it is a product state across the remaining
bipartition. Next, we extend this orthogonal entangled
set {|ψk〉}24k=1 to an orthogonal entangled basis. Since
there are three 1 × 1 × 1 subcubes, {0} × {0} × {0},
{1} × {1} × {1}, {2} × {2} × {2} left in Fig. 2, we can
choose three GHZ states:
|ψ25〉 = |0, 0, 0〉+ |1, 1, 1〉+ |2, 2, 2〉,
|ψ26〉 = |0, 0, 0〉+ w3|1, 1, 1〉+ w23|2, 2, 2〉,
|ψ27〉 = |0, 0, 0〉+ w23|1, 1, 1〉+ w3|2, 2, 2〉.
(4)
Obviously, these three GHZ states are mutually orthog-
onal, and they are all genuinely entangled states. Then
{|ψk〉}27k=1 given by Eqs. (3) and (4) forms an orthogonal
entangled basis in 3 ⊗ 3 ⊗ 3 by the structure of Fig. 2.
In the following, we show that the orthogonal entangled
set {|ψk〉}24k=1 and the corresponding basis {|ψk〉}27k=1 are
both strongly nonlocal.
Lemma 1 In 3 ⊗ 3 ⊗ 3, the orthogonal entangled set
{|ψk〉}24k=1 given by Eq. (3) is strongly nonlocal. The or-
thogonal entangled basis {|ψk〉}27k=1 given by Eqs. (3) and
(4) is also strongly nonlocal.
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FIG. 1: Bell states in the 2× 2 grid.
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FIG. 2: 3× 3× 3 Rubik’s cube with six 2× 2× 1
subcubes, {1, 2} × {0} × {0, 1}, {1, 2} × {0, 1} × {2},
{2} × {1, 2} × {0, 1}, {0, 1} × {1, 2} × {0},
{0, 1} × {2} × {1, 2}, {0} × {0, 1} × {1, 2}, and three
1× 1× 1 subcubes {0} × {0} × {0}, {1} × {1} × {1},
{2} × {2} × {2}. Note that J1 × J2 × J3 means that the
index set of A part is J1, B part is J2, and C part is J3.
Proof. Since the strong nonlocality of {|ψk〉}24k=1 can
imply the strong nonlocality of {|ψk〉}27k=1, we only need
to show that {|ψk〉}24k=1 is strongly nonlocal.
First, we consider A|BC bipartition. Define a bijection
from the basis {|p, q〉}2p,q=0 in 3⊗ 3 to the basis in C9 as
follows: |0, 0〉 → |0〉, |0, 1〉 → |1〉, |0, 2〉 → |2〉, |1, 0〉 →
|5〉, |1, 1〉 → |4〉, |1, 2〉 → |3〉, |2, 0〉 → |6〉, |2, 1〉 → |7〉,
|2, 2〉 → |8〉. Then we rewrite the set of states {|ψk〉}24k=1
in 3⊗ 3⊗ 3 as {|ϕk〉}24k=1 in 3⊗ 9,
|ϕ1,2〉 = |1, 0〉 ± |2, 1〉, |ϕ3,4〉 = |1, 1〉 ± |2, 0〉,
|ϕ5,6〉 = |1, 2〉 ± |2, 3〉, |ϕ7,8〉 = |1, 3〉 ± |2, 2〉,
|ϕ9,10〉 = |2, 5〉 ± |2, 7〉, |ϕ11,12〉 = |2, 4〉 ± |2, 6〉,
|ϕ13,14〉 = |0, 5〉 ± |1, 6〉, |ϕ15,16〉 = |0, 6〉 ± |1, 5〉,
|ϕ17,18〉 = |0, 7〉 ± |1, 8〉, |ϕ19,20〉 = |0, 8〉 ± |1, 7〉,
|ϕ21,22〉 = |0, 1〉 ± |0, 3〉, |ϕ23,24〉 = |0, 2〉 ± |0, 4〉.
(5)
Eq. (5) corresponds to the 3 × 9 grid in Fig. 3. Every
gird has an index (i, j), where i is the row index of A
part, and j is the column index of BC part. For exam-
ple, |ϕ1,2〉 corresponds to the cell set {(1, 0), (2, 1)}. We
need to show that {|ϕk〉}24k=1 given by Eq. (5) is locally
irreducible.
Let Alice go first and start the orthogonality-
preserving POVM,
Em = M
†
1M1 =
a0,0 a0,1 a0,2a1,0 a1,1 a1,2
a2,0 a2,1 a2,2
 . (6)
Then the states of {M1⊗I|ϕk〉}24k=1 are mutually orthog-
onal. In order to show that the off-diagonal elements of
Em are all zero, we need to choose the cells with same
4φ3,4 φ1,2 φ7,8 φ5,6 φ11,12 φ9,10 φ11,12 φ9,10
φ1,2 φ3,4 φ5,6 φ7,8 φ15,16 φ13,14 φ19,20 φ17,18
φ21,22 φ23,24 φ21,22 φ23,24 φ13,14 φ15,16 φ17,18 φ19,20
0 1 2 3 4 5 6 7 8
0
1
2
BC
A
FIG. 3: The corresponding 3× 9 grid of Eq. (5). Every
gird has an index (i, j), where i is the row index in A
part, and j is the column index in BC part. For
example, |ϕ1,2〉 corresponds to the cell set
{(1, 0), (2, 1)}.
column index in Fig. 3. For example, if we choose the
cell sets {(0, 1), (0, 3)} and {(1, 1), (2, 0)}, then it means
that we choose the states |ϕ21,22〉 and |ϕ3,4〉. Then
〈ϕ21|Em ⊗ I|ϕ3〉 = (〈0, 1|+ 〈0, 3|)Em ⊗ I(|1, 1〉+ |2, 0〉 =
〈0, 1|Em ⊗ I9|1, 1〉 = 〈0|Em|1〉 = a0,1 = 0, where 0 and
1 are the row indices of cells (0, 1) and (1, 1) respec-
tively. In this way, we obtain a0,2 = 0 by {(0, 1), (0, 3)}
and {(2, 1), (1, 0)}. If we choose {(1, 0), (2, 1)} and
{(2, 0), (1, 1)}, then 〈ϕ1|Em ⊗ I|ϕ3〉 = 〈ϕ1|Em ⊗ I|ϕ4〉 =
0. We obtain a1,2 = a2,1 = 0. Since E
†
m = Em,
the off-diagonal elements of Em are all zero. For di-
agonal elements of Em, we choose {(1, 0), (2, 1)}. Since
〈ϕ1|Em ⊗ I|ϕ2〉 = 0, it implies a1,1 = a2,2. We can also
obtain a0,0 = a1,1 by {(0, 5), (1, 6)}. Thus the diagonal
elements of Em are all equal. It means that Em is pro-
portional to the identity matrix, and hence Alice cannot
go first.
Let Bob and Charlie go first and start the
orthogonality-preserving POVM,
E′m =

b0,0 b0,1 b0,2 b0,3 b0,4 b0,5 b0,6 b0,7 b0,8
b1,0 b1,1 b1,2 b1,3 b1,4 b1,5 b1,6 b1,7 b1,8
b2,0 b2,1 b2,2 b2,3 b2,4 b2,5 b2,6 b2,7 b2,8
b3,0 b3,1 b3,2 b3,3 b3,4 b3,5 b3,6 b3,7 b3,8
b4,0 b4,1 b4,2 b4,3 b4,4 b4,5 b4,6 b4,7 b4,8
b5,0 b5,1 b5,2 b5,3 b5,4 b5,5 b5,6 b5,7 b5,8
b6,0 b6,1 b6,2 b6,3 b6,4 b6,5 b6,6 b6,7 b6,8
b7,0 b7,1 b7,2 b7,3 b7,4 b7,5 b7,6 b7,7 b7,8
b8,0 b8,1 b8,2 b8,3 b8,4 b8,5 b8,6 b8,7 b8,8

,
(7)
where E′m = M
†
2M2. Then the states of {I⊗M2|ϕk〉}24k=1
are mutually orthogonal. In order to show that the off-
diagonal elements of E′m are all zero, we need to choose
the cells with same row index in Fig. 3. If we choose the
cell sets {(2, 0), (1, 1)} and {(2, 1), (1, 0)}, then 〈ϕ3|I ⊗
E′m|ϕ1〉 = 〈ϕ3|I ⊗ E′m|ϕ2〉 = 0. It implies b0,1 = 0,
where 0 and 1 are the column indices of cells (2, 0) and
(2, 1) respectively. In the same way, we obtain b0,j = 0
by cells (2, 0) and (2, j) for 1 ≤ j ≤ 7. We also obtain
b0,8 = 0 by cells (1, 0) and (1, 8). In the same way, we
obtain b`,j = 0 for 0 ≤ ` ≤ 3 and ` + 1 ≤ j ≤ 8. Since
Fig. 3 is centrosymmetric, we have b8−`,8−j = b`,j = 0
for 0 ≤ ` ≤ 3 and ` + 1 ≤ j ≤ 8. For example, b5,4 =
b3,4 = 0, b6,4 = b2,4 = 0, b7,4 = b1,4 = 0, b8,4 = b0,4 = 0.
Thus the off-diagonal elements of E′m are all zero. For
diagonal elements of E′m, if we choose {(1, 0), (2, 1)}, then
〈ϕ1|I ⊗ E′m|ϕ2〉 = 0. It implies b0,0 = b1,1. In the same
way, we obtain b2,2 = b3,3 by {(1, 2), (2, 3)}, b1,1 = b3,3
by {(0, 1), (0, 3)}, and b2,2 = b4,4 by {(0, 2), (0, 4)}. It
implies b0,0 = b1,1 = b2,2 = b3,3 = b4,4. Since Fig. 3 is
centrosymmetric, we can also obtain b4,4 = b5,5 = b6,6 =
b7,7 = b8,8. Thus the diagonal elements of E
′
m are all
equal. It means that E′m is proportional to the identity
matrix, and hence Bob and Charlie cannot go first.
We obtain that {|ϕk〉}24k=1 given by Eq. (5) is locally
irreducible. It means that {|ψk〉}24k=1 given by Eq. (3)
is locally irreducible across A|BC bipartition. Further,
{|ψk〉}24k=1 is also locally irreducible across the biparti-
tions B|AC and C|AB, due to the symmetry of Fig. 2.
Thus, the orthogonal entangled set {|ψk〉}24k=1 given by
Eq. (3) is strongly nonlocal. uunionsq
Next, we give the construction of an SNOES and an
SNOEB in 4⊗ 4⊗ 4.
B. An SNOES and an SNOEB in 4⊗ 4⊗ 4
From the left figure of Fig. 4, we can obtain an GHZ
basis in 3⊗ 3,
{{|0, 0〉+ ws3|1, 1〉+ w2s3 |2, 2〉}s=0,1,2,
{|0, 1〉+ ws3|1, 2〉+ w2s3 |2, 0〉}s=0,1,2,
{|0, 1〉+ ws3|1, 2〉+ w2s3 |2, 0〉}s=0,1,2}.
(8)
B
0
1
2
3 0
1
2
3
0
1
2
3
A
C
A
B
0 1 2
0
1
2
0,0
1,1
2,2
0,1
1,2
2,1
0,2
1,0 2,0
FIG. 4: A 3× 3 grid, and a 4× 4× 4 Rubik’s cube with
six 3× 3× 1 subcubes, {1, 2, 3} × {0} × {0, 1, 2},
{1, 2, 3} × {0, 1, 2} × {3}, {3} × {1, 2, 3} × {0, 1, 2},
{0, 1, 2} × {1, 2, 3} × {0}, {0, 1, 2} × {3} × {1, 2, 3},
{0} × {0, 1, 2} × {1, 2, 3}, two 1× 1× 1 subcubes,
{0} × {0} × {0}, {3} × {3} × {3}, and one 2× 2× 2
subcube, {1, 2} × {1, 2} × {1, 2}.
5There are six 3 × 3 × 1 subcubes in the right figure of
Fig. 4, {1, 2, 3} × {0} × {0, 1, 2}, {1, 2, 3} × {0, 1, 2} ×
{3}, {3} × {1, 2, 3} × {0, 1, 2}, {0, 1, 2} × {1, 2, 3} × {0},
{0, 1, 2} × {3} × {1, 2, 3}, {0} × {0, 1, 2} × {1, 2, 3}. By
the similar construction as Eq. (3), we can obtain an
orthogonal entangled set in 4⊗4⊗4 from these six 3×3×1
subcubes,
|ψ1,2,3〉 = |1, 0, 0〉+ ws3|2, 0, 1〉+ w2s3 |3, 0, 2〉,
|ψ4,5,6〉 = |1, 0, 1〉+ ws3|2, 0, 2〉+ w2s3 |3, 0, 0〉,
|ψ7,8,9〉 = |1, 0, 2〉+ ws3|2, 0, 0〉+ w2s3 |3, 0, 1〉,
|ψ10,11,12〉 = |1, 0, 3〉+ ws3|2, 1, 3〉+ w2s3 |3, 2, 3〉,
|ψ13,14,15〉 = |1, 1, 3〉+ ws3|2, 2, 3〉+ w2s3 |3, 0, 3〉,
|ψ16,17,18〉 = |1, 2, 3〉+ ws3|2, 0, 3〉+ w2s3 |3, 1, 3〉,
|ψ19,20,21〉 = |3, 1, 0〉+ ws3|3, 2, 1〉+ w2s3 |3, 3, 2〉,
|ψ22,23,24〉 = |3, 1, 1〉+ ws3|3, 2, 2〉+ w2s3 |3, 3, 0〉,
|ψ25,26,27〉 = |3, 1, 2〉+ ws3|3, 2, 0〉+ w2s3 |3, 3, 1〉,
|ψ28,29,30〉 = |0, 1, 0〉+ ws3|1, 2, 0〉+ w2s3 |2, 3, 0〉,
|ψ31,32,33〉 = |0, 2, 0〉+ ws3|1, 3, 0〉+ w2s3 |2, 1, 0〉,
|ψ34,35,36〉 = |0, 3, 0〉+ ws3|1, 1, 0〉+ w2s3 |2, 2, 0〉,
|ψ37,38,39〉 = |0, 3, 1〉+ ws3|1, 3, 2〉+ w2s3 |2, 3, 3〉,
|ψ40,41,42〉 = |0, 3, 2〉+ ws3|1, 3, 3〉+ w2s3 |2, 3, 1〉,
|ψ43,44,45〉 = |0, 3, 3〉+ ws3|1, 3, 1〉+ w2s3 |2, 3, 2〉,
|ψ46,47,48〉 = |0, 0, 1〉+ ws3|0, 1, 2〉+ w2s3 |0, 2, 3〉,
|ψ49,50,51〉 = |0, 0, 2〉+ ws3|0, 1, 3〉+ w2s3 |0, 2, 1〉,
|ψ52,53,54〉 = |0, 0, 3〉+ ws3|0, 1, 1〉+ w2s3 |0, 2, 2〉,
(9)
where s = 0, 1, 2, |ψj1,j2,j3〉 = |k1, k2, k3〉+ws3|k4, k5, k6〉+
w2s3 |k7, k8, k9〉 means |ψj1〉 = |k1, k2, k3〉 + |k4, k5, k6〉 +
|k7, k8, k9〉, |ψj2〉 = |k1, k2, k3〉 + w3|k4, k5, k6〉 +
w23|k7, k8, k9〉, and |ψj3〉 = |k1, k2, k3〉 + w23|k4, k5, k6〉 +
w3|k7, k8, k9〉. We can also extend the orthogonal en-
tangled set {|ψk〉}54k=1 given by Eq. (9) to an orthogonal
entangled basis in 4⊗4⊗4. Since there are two 1×1×1
subcubes, {0}×{0}×{0}, {3}×{3}×{3}, and one 2×2×2
subcube, {1, 2}×{1, 2}×{1, 2} left from the right figure
of Fig. 4, we can choose the following genuinely entangled
orthogonal states,
|ψ55,56,57,58〉 ={|0, 0, 0〉+ wk4 |1, 1, 1〉+ w2k4 |2, 2, 2〉
+ w3k4 |3, 3, 3〉}3k=0,
|ψ59,60〉 =|1, 2, 2〉 ± |2, 1, 1〉,
|ψ61,62〉 =|1, 1, 2〉 ± |2, 2, 1〉,
|ψ63,64〉 =|1, 2, 1〉 ± |2, 1, 2〉.
(10)
Then {ψk}64k=1 given by Eqs. (9) and (10) forms an or-
thogonal entangled basis in 4 ⊗ 4 ⊗ 4. In the following,
we show that {|ψk〉}54k=1 and {ψk}64k=1 are both strongly
nonlocal.
Lemma 2 In 4 ⊗ 4 ⊗ 4, the orthogonal entangled set
{|ψk〉}54k=1 and the orthogonal entangled basis {ψk}64k=1
given by Eqs. (9) and (10) are both strongly nonlocal.
The proof of Lemma 2 is given in Appendix B. In next
section, we consider SNOESs and SNOEBs in d ⊗ d ⊗ d
for d ≥ 3.
C. SNOESs and SNOEBs in d⊗ d⊗ d for d ≥ 3
We give a general construction of SNOESs and
SNOEBs in d⊗ d⊗ d for d ≥ 3. Our construction is like
peeling onions. We start from the most outside layer,
for which the cells are partitioned as in Fig. 5. After we
peel this layer, we get a (d − 2) × (d − 2) × (d − 2) Ru-
bik’s cube, and we can similarly partition the cells as in
Fig. 5. Continue this procedure to the core, until we get
a 3 × 3 × 3 Rubik’s cube when d is odd, or a 4 × 4 × 4
Rubik’s cube when d is even. Then we apply Fig. 2 and
Fig. 4 to these two cores to get a complete partition of
the d × d × d Rubik’s cube in Fig. 5. In order to apply
Lemmas 1 and 2 to the cores, we need to match the co-
ordinates. Define a bijection: |0〉 → |d−32 〉, |1〉 → |d−12 〉,
|2〉 → |d+12 〉 when d is odd, and a bijection: |0〉 → |d−42 〉,
|1〉 → |d−22 〉, |2〉 → |d2 〉, |3〉 → |d+22 〉 when d is even. Then
Eq. (3) and Eq. (9) are mapped to orthogonal entangled
sets {|ψ′k〉}24k=1 and {|ψ′k〉}54k=1 respectively.
𝒅 − 𝟏
𝒅 − 𝟏
𝒅 − 𝟐
𝒅 − 𝟐
𝒅 − 𝟏
A B
𝟎
𝟏
…C
𝟎
𝟏
𝟎
𝟏
𝒅 − 𝟐
FIG. 5: d× d× d Rubik’s cube, d ≥ 3. Our construction
is like peeling onions. We start from the most outside
layer, for which the cells are partitioned as above. After
we peel this layer, we get a (d− 2)× (d− 2)× (d− 2)
Rubik’s cube, and we can similarly partition the cells as
above. Continue this procedure to the core, until we get
a 3× 3× 3 Rubik’s cube when d is odd, or a 4× 4× 4
Rubik’s cube when d is even. Then we apply Fig. 2 and
Fig. 4 to these two cores to get a complete partition of
the d× d× d Rubik’s cube.
6Now, we have the following orthogonal entangled set
in d⊗ d⊗ d based on Fig. 5:
B(d) =

{|ψ(k1,t1)〉 =
d−2∑
j=0
wjk1d−1|j + 1〉|0〉|j ⊕d−1 t1〉,
0 ≤ k1, t1 ≤ d− 2,
|ψ(k2,t2)〉 =
d−2∑
j=0
wjk2d−1|j + 1〉|j ⊕d−1 t2〉|d− 1〉,
0 ≤ k2, t2 ≤ d− 2,
|ψ(k3,t3)〉 =
d−2∑
j=0
wjk3d−1|d− 1〉|j + 1〉|j ⊕d−1 t3〉,
0 ≤ k3, t3 ≤ d− 2,
|ψ(k4,t4)〉 =
d−2∑
j=0
wjk4d−1|j〉|(j ⊕d−1 t4) + 1〉|0〉,
0 ≤ k4, t4 ≤ d− 2,
|ψ(k5,t5)〉 =
d−2∑
j=0
wjk5d−1|j〉|d− 1〉|(j ⊕d−1 t5) + 1〉,
0 ≤ k5, t5 ≤ d− 2,
|ψ(k6,t6)〉 =
d−2∑
j=0
wjk6d−1|0〉|j〉|(j ⊕d−1 t6) + 1〉,
0 ≤ k6, t6 ≤ d− 2,
. . .
{|ψ′k〉}24k=1 when d is odd,
({|ψ′k〉}54k=1 when d is even)},
(11)
where j ⊕d−1 t = j + t mod (d− 1). When d is odd, the
number of the entangled states in B(d) is 6[(d−1)2 +(d−
3)2+· · ·+22] = d3−d. We can add d genuinely entangled
states into B(d) to form an orthogonal entangled basis:
B1 =

d−1∑
j=0
wjkd |j, j, j〉

d−1
k=0
. (12)
When d is even, the number of the entangled states in
B(d) is 6[(d− 1)2 + (d− 3)2 + · · ·+ 32] = d3 − d− 6. We
can also add d + 6 genuinely entangled states into B(d)
to form an orthogonal entangled basis:
B2 =

d−1∑
j=0
wjkd |j, j, j〉

d−1
k=0⋃
{|m− 1,m,m〉 ± |m,m− 1,m− 1〉}⋃
{|m− 1,m− 1,m〉 ± |m,m,m− 1〉}⋃
{|m− 1,m,m− 1〉 ± |m,m− 1,m〉},
(13)
where m = d2 . Now, we show that B(d), B(d) ∪ B1 and
B(d) ∪ B2 are strongly nonlocal.
Theorem 3 In d⊗ d⊗ d, d ≥ 3,
(i) when d is odd, B(d) with |B(d)| = d3 − d given
by Eq. (11) is an SNOES, and B(d) ∪ B1 given by
Eq. (11) and Eq. (12) is an SNOEB;
(ii) when d even, B(d) with |B(d)| = d3 − d − 6 given
by Eq. (11) is an SNOES, and B(d) ∪ B2 given by
Eq. (11) and Eq. (13) is an SNOEB.
The proof of Theorem 3 is given in Appendix C. By
Theorem 3, we can find SNOEBs in d ⊗ d ⊗ d for d ≥
3, which answers an open question in Ref. [27]. From
the proof of Theorem 3, we know that if there exists an
SNOES of size s in d⊗d⊗d, then there exists an SNOES
of size s+6(d+1)2 in (d+2)⊗(d+2)⊗(d+2). A similar
structure of Fig. 5 also appears in Ref. [44], where the
authors used it to construct unextendible product bases
(UPBs).
IV. ENTANGLEMENT-ASSISTED
DISCRIMINATION
In this section, we consider local discrimination of
SNOESs using entanglement as a resource. Since
SNOESs cannot be locally distinguished in every bipar-
tition, a perfect local discrimination of this set would
require a resource state that must be entangled in all
bipartitions. Assume B is an SNOES in d ⊗ d ⊗ d.
Let Alice and Bob share a maximally entangled state
(MES) |φ(d)〉 = ∑d−1k=0 |k, k〉, Alice and Charlie also share|φ(d)〉. Using the MES |φ(d)〉, Bob (Charlie) can tele-
port his subsystem to Alice [35, 38]. Then Alice can
perfectly discriminate B by performing a suitable mea-
surement. In this teleportation-based protocol, it con-
sumes 2 log2 d ebits entanglement resource. A proto-
col consuming less entanglement than the teleportation-
based protocol is desirable, since entanglement is a costly
resource under the operational paradigm of LOCC. We
give two entanglement-assisted discrimination protocols
for the SNOES in 3⊗ 3⊗ 3 in Proposition 5 and Propo-
sition 6, Each protocol consumes less entanglement re-
source than the teleportation-based protocol averagely.
First, we give an entanglement-assisted discrimination
protocol for Bell basis in 2⊗2 by using a two-qubit MES.
It is different from the teleportation-based protocol.
Example 4 The Bell basis in 2 ⊗ 2 can be locally dis-
tinguished by using a two-qubit MES. The initial states
are
|ψ1,2〉 = (|0, 0〉 ± |1, 1〉)A,B(|0, 0〉+ |1, 1〉)a,b,
|ψ3,4〉 = (|0, 1〉 ± |1, 0〉)A,B(|0, 0〉+ |1, 1〉)a,b, (14)
where a and b are the ancillary systems of Alice and Bob,
respectively. Denote P [|i〉♠] := |i〉〈i|♠, P [|i〉♠; |j〉♣] :=
|i〉〈i|♠⊗|j〉〈j|♣, and P [(|k〉, |`〉)♠; (|m〉, |n〉)♣] := (|k〉〈k|+
|`〉〈`|)♠⊗(|m〉〈m|+|n〉〈n|)♣. Now the discrimination pro-
tocol proceeds as follows.
7Step 1. Alice performs the measurement {N1 :=
P [|0〉A; |0〉a] + P [|1〉A; |1〉a], N1 = I −N1}. If N1 clicks,
the resulting postmeasurement states are
|ψ1,2〉 → |0, 0〉A,B |0, 0〉a,b ± |1, 1〉A,B |1, 1〉a,b,
|ψ3,4〉 → |0, 1〉A,B |0, 0〉a,b ± |1, 0〉)A,B |1, 1〉a,b. (15)
Step 2. Bob performs the measurement {N2 :=
P [|0〉B ; |0〉b] + P [|1〉B ; |1〉b], N2 = I − N2}. If N2 clicks,
it remains |ψ1,2〉, which can be locally distinguished [45].
Otherwise, he performs N2, and it remains the locally
distinguishable set |ψ3,4〉. If N1 clicks in the step 1, we
can obtain a similar protocol.
For a tripartite system, the configuration of
entanglement resources can be described by
{(p, |φ(d1)〉)A,B , (q, |φ(d2)〉)A,C , (r, |φ(d3)〉)B,C} [35],
where (p, |φ(d1)〉)A,B means that an amount p of the
MES |φ(d1)〉 =
∑d1−1
k=0 |k, k〉 is consumed between Alice
and Bob averagely, and similarly for (q, |φ(2)〉)A,C and
(r, |φ(d3)〉)B,C . Next, we give a protocol for the SNOES
{|ψk〉}24k=1 given by Eq. (3) in 3⊗ 3⊗ 3.
Proposition 5 The SNOES {|ψk〉}24k=1 given by
Eq. (3) can be locally distinguished by using
{( 43 , |φ(2)〉)A,B , (0, |φ(2)〉)A,C , (1, |φ(3)〉)B,C}, where
( 43 , |φ(2)〉)A,B means that two |φ(2)〉 are distributed
between Alice and Bob, and 43 |φ(2)〉 are actually
consumed.
Proof. First, Charlie teleports his subsystem to
Bob by using the entanglement resource |φ(3)〉. Then
{|ψk〉}24k=1 given by Eq. (3) is transformed into {|ϕk〉}24k=1
given by Eq. (5). We use the subindex B˜ for this union of
Bob and Charlie. The two |φ(2)〉 are distributed between
Alice and Bob. The initial state is
|ϕ〉A,B˜ ⊗ |φ(2)〉a,b ⊗ |φ(2)〉a1,b1 . (16)
where a and a1 are the ancillary systems of Alice, b and b1
are the ancillary systems of Bob. Now the discrimination
protocol proceeds as follows.
Step 1. Alice performs the measurement {K1 :=
P [|0〉A; |0〉a] + P [(|1〉, |2〉)A; |1〉a],K1 := I − K1}. If K1
clicks, the resulting postmeasurement states are
|ψ1,2〉 →(|1, 0〉 ± |2, 1〉)A,B˜ |1, 1〉a,b|φ(2)〉a1,b1 ,
|ψ3,4〉 →(|1, 1〉 ± |2, 0〉)A,B˜ |1, 1〉a,b|φ(2)〉a1,b1 ,
|ψ5,6〉 →(|1, 2〉 ± |2, 3〉)A,B˜ |1, 1〉a,b|φ(2)〉a1,b1 ,
|ψ7,8〉 →(|1, 3〉 ± |2, 2〉)A,B˜ |1, 1〉a,b|φ(2)〉a1,b1 ,
|ψ9,10〉 →(|2, 5〉 ± |2, 7〉)A,B˜ |1, 1〉a,b|φ(2)〉a1,b1 ,
|ψ11,12〉 →(|2, 4〉 ± |2, 6〉)A,B˜ |1, 1〉a,b|φ(2)〉a1,b1 ,
|ψ13,14〉 →(|0, 5〉A,B˜ |0, 0〉a,b ± |1, 6〉A,B˜ |1, 1〉a,b)
⊗ |φ(2)〉a1,b1 ,
|ψ15,16〉 →(|0, 6〉A,B˜ |0, 0〉a,b ± |1, 5〉A,B˜ |1, 1〉a,b)
⊗ |φ(2)〉a1,b1 ,
|ψ17,18〉 →(|0, 7〉A,B˜ |0, 0〉a,b ± |1, 8〉A,B˜ |1, 1〉a,b)
⊗ |φ(2)〉a1,b1 ,
|ψ19,20〉 →(|0, 8〉A,B˜ |0, 0〉a,b ± |1, 7〉A,B˜ |1, 1〉a,b)
⊗ |φ(2)〉a1,b1 ,
|ψ21,22〉 →(|0, 1〉 ± |0, 3〉)A,B˜ |0, 0〉a,b|φ(2)〉a1,b1 ,
|ψ23,24〉 →(|0, 2〉 ± |0, 4〉)A,B˜ |0, 0〉a,b|φ(2)〉a1,b1 . (17)
Step 2. Bob performs the measure-
ment {K2,1 := P [(|1〉, |3〉)B˜ ; |0〉b],K2,2 :=
P [(|2〉, |4〉)B˜ ; |0〉b],K2,3 := P [|7〉B˜ ; |0〉b] +
P [|8〉B˜ ; |1〉b],K2,4 := P [(|0〉, |1〉)B˜ ; |1〉b],K2,5 :=
P [(|2〉, |3〉)B˜ ; |1〉b],K2 := I − K2,1 − K2,2 − K2,3 −
K2,4 − K2,5}. If K2,1 clicks, it remains |ψ21,22〉; if
K2,2 clicks, it remains |ψ23,24〉; if K2,3 clicks, it re-
mains |ψ17,18〉; If K2,4 clicks, it remains |ψ1,2,3,4〉.
These four states can be locally distinguished by using
|φ(2)〉a1,b1 (see Example 4). If K2,5 clicks, it remains
|ψ5,6,7,8〉. These four states can also be locally distin-
guished by using |φ(2)〉a1,b1 ; if K2 clicks, it remains
{|ψk〉16k=9
⋃ |ψ19,20〉}.
Step 3. Alice performs the measurement {K3 :=
P [|2〉A],K3 := I − K3}. If K3 clicks, it remains
|ψ9,10,11,12〉. Bob can distinguish these four product
states; if K3 clicks, it remains {|ψk〉16k=13
⋃ |ψ19,20〉}.
Step 4. Bob performs the measurement {K4,1 :=
P [|8〉B˜ ; |0〉b] + P [|7〉B˜ ; |1〉b],K4,2 := P [|5〉B˜ ; |0〉b] +
P [|6〉B˜ ; |1〉b],K4 := I − K4,1 − K4,2}. If K4,1 clicks, it
remains |ψ19,20〉; if K4,2 clicks, it remains |ψ13,14〉; if K4
clicks, it remains |ψ15,16〉.
If K1 clicks in step 1, we can obtain a similar proto-
col. From the beginning to step 4, it consumes 1 |φ(3)〉
between Alice and Charlie, and 1 + 2 × 424 = 43 |φ(2)〉
between Alice and Bob averagely. uunionsq
The protocol in Proposition 5 consumes 43 + log2 3 ebits
entanglement resource averagely, which is strictly less
than 2 log2 3. It means that this protocol consumes less
entanglement resource than the teleportation-based pro-
tocol. However, in the protocol in Proposition 5, the
tripartite system becomes the bipartite system. Since it
uses the teleportation-based protocol between Bob and
Charlie. In the following, we give a more efficient proto-
col when the three parties are separated.
Proposition 6 The SNOES {|ψk〉}24k=1 given by
Eq. (3) can be locally distinguished by using
{( 76 , |φ(2)〉)A,B , ( 76 , |φ(2)〉)A,C , ( 16 , |φ(2)〉)B,C}, where
( 76 , |φ(2)〉)A,B means that two |φ(2)〉 are distributed be-
tween Alice and Bob, and 76 |φ(2)〉 are actually consumed,
and similarly for ( 76 , |φ(2)〉)A,C and ( 16 , |φ(2)〉)B,C .
The proof of Proposition 6 is given in Appendix D.
The protocol in Proposition 6 consumes 52 ebits en-
tanglement resource, which is less than the protocol
in Proposition 5. In Ref. [35], the authors investi-
gated entanglement-assisted discrimination of a strongly
8nonlocal orthogonal product bases (SNOPB) in 3 ⊗
3 ⊗ 3 (which is from Ref. [27]). They showed that
this SNOPB can be locally distinguished by using
{(1, |φ(3)〉)A,B , (1, |φ(2)〉)A,C , (0, |φ(2)〉)B,C}. It used the
teleportation-based protocol between Alice and Bob.
This protocol consumes 1 + log2 3 ebits entanglement
resource, which is less than the protocol in Propo-
sition 5. Moreover, they also give a protocol when
the three parties are separated. They showed that
this SNOPB can be locally distinguished by using
{(1, |φ(3)〉)A,B , (1, |φ(2)〉)A,C , ( 827 , |φ(2)〉)B,C}. This pro-
tocol also consumes less entanglement resource than the
protocol in Proposition 6. We find that using the con-
figuration of their entanglement resource, we cannot ob-
tain a perfectly discrimination protocol for our SNOES in
3⊗ 3⊗ 3. Thus, entanglement-assisted discrimination of
SNOES may consume more entanglement resource than
that entanglement-assisted discrimination of SNOPB in
3 ⊗ 3 ⊗ 3. It means that entanglement can increase the
difficulty to locally distinguish orthogonal states.
V. CONCLUSION
We have constructed an SNOES of size d3−d in d⊗d⊗d
when d ≥ 3 is odd, and an SNOES of size d3 − d − 6 in
d ⊗ d ⊗ d when d ≥ 3 is even. We have extended these
SNOESs to SNOEBs, and it answers an open question in
Ref. [27]. We have also given two entanglement-assisted
discrimination protocols for the SNOES in 3⊗3⊗3. Each
protocol consumes less entanglement resource than the
teleportation-based protocol averagely. Our results show
the phenomenon of strong quantum nonlocality with en-
tanglement. There are some interesting problems left.
We don’t know whether three qubit SNOESs exist. An-
other problem is how to generalize the construction in
(d)⊗n for any d ≥ 2 and n ≥ 4.
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Appendix A: A lemma of linear algebra
The following lemma of linear algebra is frequently
used in Appendix B and Appendix C.
Lemma 7 Let wn = e
2pii
n . If
x1 + x2 + . . .+ xn = 0,
x1 + wnx2 + . . .+ w
(n−1)
n xn = 0,
x1 + w
2
nx2 + . . .+ w
2(n−1)
n xn = 0,
. . .
x1 + w
n−1
n x2 + . . .+ w
(n−1)(n−1)
n xn = 0,
(A1)
then x1 = x2 = . . . = xn = 0. If
x1 + wnx2 + . . .+ w
(n−1)
n xn = 0,
x1 + w
2
nx2 + . . .+ w
2(n−1)
n xn = 0,
. . .
x1 + w
n−1
n x2 + . . .+ w
(n−1)(n−1)
n xn = 0,
(A2)
then x1 = x2 = . . . = xn.
Appendix B: The proof of Lemma 2
Proof. We only need to show that {|ψk〉}54k=1 given by
Eq. (9) is strongly nonlocal. Since Fig. 4 is symmetric,
we only need to consider A|BC bipartition. Define a
bijection from the basis {|p, q〉}3p,q=0 in 4⊗ 4 to the basis
in C16 as follows: |0, 0〉 → |0〉, |0, 1〉 → |1〉, |0, 2〉 → |2〉,
|0, 3〉 → |3〉, |1, 0〉 → |10〉, |1, 1〉 → |7〉, |1, 2〉 → |6〉,
|1, 3〉 → |4〉, |2, 0〉 → |11〉, |2, 1〉 → |9〉, |2, 2〉 → |8〉,
|2, 3〉 → |5〉, |3, 0〉 → |12〉, |3, 1〉 → |13〉, |3, 2〉 → |14〉,
|3, 3〉 → |15〉. Then we rewrite the set of states {|ψk〉}54k=1
in 4⊗ 4⊗ 4 as {|ϕk〉}54k=1 in 4⊗ 16,
|ϕ1,2,3〉 = |1, 0〉+ ws3|2, 1〉+ w2s3 |3, 2〉,
|ϕ4,5,6〉 = |1, 1〉+ ws3|2, 2〉+ w2s3 |3, 0〉,
|ϕ7,8,9〉 = |1, 2〉+ ws3|2, 0〉+ w2s3 |3, 1〉,
|ϕ10,11,12〉 = |1, 3〉+ ws3|2, 4〉+ w2s3 |3, 5〉,
|ϕ13,14,15〉 = |1, 4〉+ ws3|2, 5〉+ w2s3 |3, 3〉,
|ϕ16,17,18〉 = |1, 5〉+ ws3|2, 3〉+ w2s3 |3, 4〉,
|ϕ19,20,21〉 = |3, 10〉+ ws3|3, 9〉+ w2s3 |3, 14〉,
|ϕ22,23,24〉 = |3, 7〉+ ws3|3, 8〉+ w2s3 |3, 12〉,
|ϕ25,26,27〉 = |3, 6〉+ ws3|3, 11〉+ w2s3 |3, 13〉,
|ϕ28,29,30〉 = |0, 10〉+ ws3|1, 11〉+ w2s3 |2, 12〉,
|ϕ31,32,33〉 = |0, 11〉+ ws3|1, 12〉+ w2s3 |2, 10〉,
|ϕ34,35,36〉 = |0, 12〉+ ws3|1, 10〉+ w2s3 |2, 11〉,
|ϕ37,38,39〉 = |0, 13〉+ ws3|1, 14〉+ w2s3 |2, 15〉,
|ϕ40,41,42〉 = |0, 14〉+ ws3|1, 15〉+ w2s3 |2, 13〉,
|ϕ43,44,45〉 = |0, 15〉+ ws3|1, 13〉+ w2s3 |2, 14〉,
|ϕ46,47,48〉 = |0, 1〉+ ws3|0, 6〉+ w2s3 |0, 5〉,
|ϕ49,50,51〉 = |0, 2〉+ ws3|0, 4〉+ w2s3 |0, 9〉,
|ϕ52,53,54〉 = |0, 3〉+ ws3|0, 7〉+ w2s3 |0, 8〉,
(B1)
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FIG. 6: The corresponding 4× 16 grid of Eq. (B1). For example, |ϕ1,2,3〉 correspond to the cell set
{(1, 0), (2, 1), (3, 2)}.
where s = 0, 1, 2. Eq. (B1) corresponds to the 4×16 grid
in Fig. 6. For example, |ϕ1,2,3〉 corresponds to the cell
set {(1, 0), (2, 1), (3, 2)}. We need to show that {|ϕk〉}54k=1
given by Eq. (B1) is locally irreducible.
Let Alice go first and start the orthogonality-
preserving POVM, Em = M
†
1M1 = (a`,j)0≤`,j≤3. Then
the states of {M1⊗I|ϕk〉}54k=1 are mutually orthogonal. In
order to show that the off-diagonal elements of Em are all
zero, we need to choose the cells with same column index.
For the same discussion as Lemma 1, we obtain a0,1 =
a0,2 = a0,3 = 0 by (0, 1) and {(1, 1), (2, 1), (3, 1)}. If we
choose {(1, 0), (2, 1), (3, 2)} and {(2, 0), (3, 1), (1, 2)}, we
can obtain a1,2 = a2,3 = a3,1 = 0 by Lemma 7. Thus the
off-diagonal elements of Em are all zero. For diagonal el-
ements of Em, we choose {(1, 0), (2, 1), (3, 2)}. Then we
obtain a1,1 = a2,2 = a3,3 by Lemma 7. We can also ob-
tain a0,0 = a1,1 = a2,2 by {(0, 10), (1, 11), (2, 12)}. Thus
the diagonal elements of Em are all equal. It means that
Em is proportional to the identity matrix, and Alice can-
not go first.
Let Bob and Charlie go first and start the
orthogonality-preserving POVM, E′m = M
†
2M2 =
(b`,j)0≤`,j≤15. Then the states {I ⊗ M2|ϕk〉}54k=1 are
mutually orthogonal. Since Fig. 6 is centrosymmet-
ric, b`,j = 0 can implies that b15−`,15−j = 0 for any
` 6= j. Next, since Fig. 6 has the similar structure
as Fig. 3, we obtain b`,j = 0 for 0 ≤ ` ≤ 5 and
` + 1 ≤ j ≤ 15 by the same discussion as Lemma 1. We
only need to calculate b6,7, b6,8, b6,9, b7,8. In Fig. 6, we
can choose {(0, 1), (0, 5), (0, 6)} and {(0, 3), (0, 7), (0, 8)}.
Since b1,3 = b1,7 = b1,8 = b5,3 = b5,7 = b5,8 = b6,3 = 0, we
obtain b6,7 = b6,8 = 0 by Lemma 7. We can also obtain
b6,9 = 0 by {(0, 1), (0, 5), (0, 6)} and {(0, 2), (0, 4), (0, 9)}.
Further, since 〈ψ52|I ⊗ E′m|ψ53〉 = 〈ψ53|I ⊗ E′m|ψ54〉 =
〈ψ52|I ⊗ E′m|ψ54〉 = 〈ψ53|I ⊗ E′m|ψ52〉 = 0, we have
a3,3 + w3a7,7 + w
2
3a7,8 + w3a8,7 + w
2
3a8,8 = 0,
a3,3 + w3a7,7 + a7,8 + a8,7 + w
2
3a8,8 = 0,
a3,3 + w
2
3a7,7 + w3a7,8 + w
2
3a8,7 + w3a8,8 = 0,
a3,3 + w
2
3a7,7 + w
2
3a7,8 + w3a8,7 + w3a8,8 = 0.
(B2)
Then, we have w23a7,8+w3a8,7 = a7,8+a8,7, and w3a7,8+
w23a8,7 = w
2
3a7,8 + w3a8,7. It implies a7,8 = a8,7 = 0.
Thus the off-diagonal elements of E′m are all zero. For di-
agonal elements of E′m, if we choose {(1, 0), (2, 1), (3, 2)},
it implies b0,0 = b1,1 = b2,2 by Lemma 7. In the same
way, we obtain b3,3 = b4,4 = b5,5 by {(1, 3), (2, 4), (3, 5)},
b1,1 = b5,5 = b6,6 by {(0, 1), (0, 5), (0, 6)}, and b3,3 =
b7,7 = b8,8 by {(0, 3), (0, 7), (0, 8)}. It implies b0,0 =
b1,1 = b2,2 = b3,3 = b4,4 = b5,5 = b6,6 = b7,7 = b8,8. Since
Fig. 6 is centrosymmetric, we also obtain b7,7 = b8,8 =
b9,9 = b10,10 = b11,11 = b12,12 = b13,13 = b14,14 = b15,15.
Thus the diagonal elements of E′m are all equal. It means
that E′m is proportional to the identity matrix, and Bob
and Charlie cannot go first.
Thus, the orthogonal entangled set {|ψk〉}54k=1 given by
Eq. (9) is strongly nonlocal. uunionsq
Appendix C: The proof of Theorem 3
Proof. (i) We prove it by induction on d. Assume
B(d−2) given by Eq. (11) is strongly nonlocal when d ≥ 5.
Define a bijection, |j〉 → |j + 1〉 for 0 ≤ j ≤ d − 3, then
B(d−2) is mapped to a set B(d−2)′ ⊂ B(d) in d ⊗ d ⊗ d.
Obviously, B(d−2)′ is also strongly nonlocal. Consider
the A|BC bipartition of B(d) in Eq. (11), then it corre-
sponds to the d×d2 grid in Fig. 7 by some permutations
and bijections. Since B(d−2)′ ⊂ B(d), then B(d−2)′ across
A|BC bipartition corresponds to the (d − 2) × (d − 2)2
grid in Fig. 7. For example, if d = 5, then B(3)′ corre-
sponds to the 3 × 9 grid in Fig. 7 (see also Fig. 3). For
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FIG. 7: The corresponding d× d2 grid of B(d) given by Eq. (11) across A|BC bipartition. Define a bijection,
|j〉 → |j + 1〉 for 0 ≤ j ≤ d− 3, then B(d−2) given by Eq. (11) is transferred into B(d−2)′ , and B(d−2)′ across A|BC
bipartition corresponds to the inside (d− 2)× (d− 2)2 grid. Note that {|ψ(k6,0)〉}d−2k6=0 given by Eq. (11) across
A|BC bipartition corresponds to the (d− 1) cells in {(0, 1), (0, j1), . . . , (0, jd−3), (0, 2d− 3)}, where
2d− 2 ≤ j1 6= · · · 6= jd−3 ≤ (d− 1)2.
the same discussion as Lemma 1 and Lemma 2, we can
show that Alice cannot go first. Let Bob and Charlie
go first and start the orthogonality-preserving POVM,
E′m = M
†
2M2 = (b`,j)0≤`,j≤d2−1. By the induction hy-
pothesis, we can obtain b`,j = 0 for 2d − 2 ≤ ` ≤
(d − 1)2 − 1 and ` + 1 ≤ j ≤ (d − 1)2, and b2d−2,2d−2 =
b2d−1,2d−1 = · · · = b(d−1)2,(d−1)2 . By the same discussion
as Lemma 1, we can show that the off-diagonal elements
of E′m are all zero. For the diagonal elements of E
′
m,
we know that b0,0 = b1,1 · · · = bd−2,d−2, and bd−1,d−1 =
bd,d · · · = b2d−3,2d−3 by using {(1, 0), (2, 1), . . . , (d−1, d−
2)} and {(1, d−1), (2, d), . . . , (d−1, 2d−3)} in Fig. 7 and
Lemma 7. Further, the (d−1) states {|ψ(k6,0)〉}d−2k6=0 given
by Eq. (11) across A|BC bipartition correspond to the
(d− 1) cells in {(0, 1), (0, j1), . . . , (0, jd−3), (0, 2d− 3)} in
Fig. 7, where 2d− 2 ≤ j1 6= · · · 6= jd−3 ≤ (d− 1)2. Then
we obtain b1,1 = bj1,j1 = · · · = bjd−3,jd−3 = b2d−3,2d−3 by
Lemma 7. It implies b1,1 = b2,2 = · · · = b(d−1)2,(d−1)2 .
Since Fig. 7 is centrosymmetric, the diagonal elements of
E′m are all equal. It means that E
′
m is proportional to
the identity matrix, and hence Bob and Charlie cannot
go first. We obtain that B(d) is also strongly nonlocal.
(ii) The proof is the same as (i). uunionsq
Appendix D: The proof of Proposition 6
Proof. First, two |φ(2)〉 are distributed between Alice
and Bob, two |φ(2)〉 are distributed Alice and Charlie,
and one |φ(2)〉 are distributed between Bob and Charlie.
The initial state is
|ψ〉A,B,C ⊗ |φ(2)〉a1,b1 ⊗ |φ(2)〉a2,c1
⊗ |φ(2)〉a3,c2 ⊗ |φ(2)〉b2,c3 ⊗ |φ(2)〉a4,b3 ,
(D1)
where a1, a2, a3, and a4 are the ancillary systems of
Alice, b1, b2 and b3 are the ancillary systems of Bob, and
c1, c2 and c3 are the ancillary systems of Charlie. Now
the discrimination protocol proceeds as follows.
Step 1. Bob performs the measurement {M1 :=
P [|0〉B ; |0〉b1 ] + P [(|1〉, |2〉)B ; |1〉b1 ],M1 := I − M1}.
Charlie performs the measurement {M2 :=
P [(|0〉, |1〉)C ; |0〉c1 ] + P [|2〉C ; |1〉c1 ],M2 := I − M2}.
If M1 and M2 click, the resulting postmeasurement
states are
|ψ1,2〉 → (|1, 0, 0〉 ± |2, 0, 1〉)A,B,C |0, 0〉a1,b1 |0, 0〉a2,c1 |φ(2)〉a3,c2 |φ(2)〉b2,c3 |φ(2)〉a4,b3 ,
|ψ3,4〉 → (|1, 0, 1〉 ± |2, 0, 0〉)A,B,C |0, 0〉a1,b1 |0, 0〉a2,c1 |φ(2)〉a3,c2 |φ(2)〉b2,c3 |φ(2)〉a4,b3 ,
|ψ5,6〉 → (|1, 0, 2〉A,B,C |0, 0〉a1,b1 |1, 1〉a2,c1 ± |2, 1, 2〉A,B,C |1, 1〉a1,b1 |1, 1〉a2,c1)|φ(2)〉a3,c2 |φ(2)〉b2,c3 |φ(2)〉a4,b3 ,
|ψ7,8〉 → (|1, 1, 2〉A,B,C |1, 1〉a1,b1 |1, 1〉a2,c1 ± |2, 0, 2〉A,B,C |0, 0〉a1,b1 |1, 1〉a2,c1)|φ(2)〉a3,c2 |φ(2)〉b2,c3 |φ(2)〉a4,b3 ,
|ψ9,10〉 → (|2, 1, 0〉 ± |2, 2, 1〉)A,B,C |1, 1〉a1,b1 |0, 0〉a2,c1 |φ(2)〉a3,c2 |φ(2)〉b2,c3 |φ(2)〉a4,b3 ,
|ψ11,12〉 → (|2, 1, 1〉 ± |2, 2, 0〉)A,B,C |1, 1〉a1,b1 |0, 0〉a2,c1 |φ(2)〉a3,c2 |φ(2)〉b2,c3 |φ(2)〉a4,b3 ,
|ψ13,14〉 → (|0, 1, 0〉 ± |1, 2, 0〉)A,B,C |1, 1〉a1,b1 |0, 0〉a2,c1 |φ(2)〉a3,c2 |φ(2)〉b2,c3 |φ(2)〉a4,b3 ,
|ψ15,16〉 → (|0, 2, 0〉 ± |1, 1, 0〉)A,B,C |1, 1〉a1,b1 |0, 0〉a2,c1 |φ(2)〉a3,c2 |φ(2)〉b2,c3 |φ(2)〉a4,b3 .
|ψ17,18〉 → (|0, 2, 1〉A,B,C |1, 1〉a1,b1 |0, 0〉a2,c1 ± |1, 2, 2〉A,B,C |1, 1〉a1,b1 |1, 1〉a2,c1)|φ(2)〉a3,c2 |φ(2)〉b2,c3 |φ(2)〉a4,b3 ,
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|ψ19,20〉 → (|0, 2, 2〉A,B,C |1, 1〉a1,b1 |1, 1〉a2,c1 ± |1, 2, 1〉A,B,C |1, 1〉a1,b1 |0, 0〉a2,c1)|φ(2)〉a3,c2 |φ(2)〉b2,c3 |φ(2)〉a4,b3 ,
|ψ21,22〉 → (|0, 0, 1〉A,B,C |0, 0〉a1,b1 |0, 0〉a2,c1 ± |0, 1, 2〉A,B,C |1, 1〉a1,b1 |1, 1〉a2,c1)|φ(2)〉a3,c2 |φ(2)〉b2,c3 |φ(2)〉a4,b3 ,
|ψ23,24〉 → (|0, 0, 2〉A,B,C |0, 0〉a1,b1 |1, 1〉a2,c1 ± |0, 1, 1〉A,B,C |1, 1〉a1,b1 |0, 0〉a2,c1)|φ(2)〉a3,c2 |φ(2)〉b2,c3 |φ(2)〉a4,b3 . (D2)
Step 2. Alice performs the measurement
{M2,1 := P [(|1〉, |2〉)A; |0〉a1 ; |0〉a2 ],M2,2 :=
P [|2〉A; |1〉a1 ; |0〉a2 ],M2 := I − M2,1 − M2,2}. If
M2,1 clicks, it remains |ψ1,2,3,4〉. These four states can
be locally distinguished by using |φ(2)〉a3,c2 . If M2,2
clicks, it remains |ψ9,10,11,12〉. These four states can also
be locally distinguished by using |φ(2)〉b2,c3 ; if M2 clicks,
it remains {|ψk〉8k=5
⋃ |ψk〉24k=13}.
Step 3. Charlie performs the measurement {M3 :=
P [|0〉C ],M3 := I − M3}. If M3 clicks, it remains
|ψ13,14,15,16〉. These four states can be locally distin-
guished by using |φ(2)〉a4,b3 ; if M3 clicks, it remains
{|ψk〉8k=5
⋃ |ψk〉24k=17}
Step 4. Bob performs the measurement {M4 :=
P [|2〉B ],M4 := I − M4}. If M4 clicks, it remains
|ψ17,18,19,20〉. These four states can be locally distin-
guished by the similar protocol as Example 4; if M4
clicks, it remains {|ψk〉8k=5
⋃ |ψk〉24k=21}.
Step 5. Alice performs the measurement {M5,1 :=
P [|1〉A; |0〉a1 ; |1〉a2 ] + P [|2〉A; |1〉a1 ; |1〉a2 ],M5,2 :=
P [|1〉A; |1〉a1 ; |1〉a2 ] + P [|2〉A; |0〉a1 ; |1〉a2 ],M5,3 :=
P [|0〉A; |0〉a1 ; |0〉a2 ] + P [|0〉A; |1〉a1 ; |1〉a2 ],M5 :=
I−M5,1−M5,2−M5,3}. If M5,1 clicks, it remains |ψ5,6〉;
if M5,2 clicks, it remains |ψ7,8〉; if M5,3 clicks, it remains
|ψ21,22〉; if M5 clicks, it remains |ψ23,24〉.
All other cases in step 1 obtain a similar protocol.
From the beginning to Step 5, it consumes 1 + 424 =
7
6
|φ(2)〉 between Alice and Bob, 1 + 424 = 76 |φ(2)〉 between
Alice and Charlie, and 424 =
1
6 |φ(2)〉 between Bob and
Charlie averagely. uunionsq
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